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CHAPTER-6 : COMPLEX NUMBERS

UNIT TEST-1

1. Prove that the general value of x which satisfies
the equation  (cosx +isinx) (cos3x +isin3x)
(cos5x +isin5x)...[cos(2n—1)
rm

x+isin(2n-1) x]=1is —
n

B .. B 28 .. 2B
2. Let f(B)Z(COS-FlSln] [cos+1smj,,,
p e e 0’ 0’

(cosB+isinBj find lim f,(m)= ?
p p n—

1+cos¢p +ising

3. Prove that ( J:cosn(IH—isinnd)

1+cosdp—ising

4. Prove that If o, are the roots of the equation
x2—92x+4=0,then o +p*=2""! cos(nn/3) :
9. Prove that:
If 1, ®, ®* are the three cube roots of unity, then
(a+bo+cw®) +(a+bw? +cw)’
= (2a-b-c)(2b-c—-a)(2c—-a-Db)
= 27abcif a+b+c=0.
6. Prove that:

If cosa+cosB+cosy=0 = sina+sinB+siny,
then cos (B+7y) +cos(y+a)+cos(a+P)=0
sin (B+y) +sin (y+a)+sin(a+p) =0

7. Let z be a complex number satisfying | z—5i|<1
such that amp z is minimum. Then g is equal to

8. If a, b, ¢ are distinct integers and w=#1is a
cube root of unity. Find minimum value of

x =|a+bo+co®|+|a+bo’+col:

9. If z is a complex number having least absolute
value and |2-2+2i|=1, then find 2.

10.1f | - 25i| <15, then prove that : 3
| max, amp (z) — min. amp (2) | = n—2cos (gj

11. Find the least value of r for which the two curves
arg (2) = g and | z—2+/3i| =r intersect is :

. -1 . .
12.1f a+if =tan" (2),z=x+iy and a is constant, then
prove that locus of z is x*+y*+2xcot20=1.

13.Let 2, =10+61 and 2, =4+6i. If z is a complex

(z-2). =
number such that the argument of is —,
(z-2,) "~ 4

then prove that |z-7-9i|=3J2.

14. For any two non-zero complex numbers z1, z, then
prove the inequality

2, %

+ <2(]z | +]2, ).
[z ] [z,

2z 1+12, D

15.If x, y, z are three distinct complex numbers and a, b,
c are three + ive real numbers satisfying the relation
a b c

ly-2] |z-x| |x-y|

a? b? c?
+

then prove that

Hints and Solutions

1. (a) E :eixeBixeSixm e(Zn—l)x =1
_ einzx -1

By sum of A.P, x+3x+5x+...n terms

or cosn’x +isinn’x =1
or Equating real and imaginary parts,

cosn?x =1=cos0°
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n’x=2rn+0
_2rm

eadC
B_ pB

2. (c) In the last term write —as

X

() :ei[}/p2+2iﬁ/p2+...+pi[3/p2
s Sy

iB/p? {p(p+l)}

— B/ 124344 p) 2

1)

:e2 p

NOWput p:n’B:n iﬂ(l 1]
fim=e?

. i T ... T .

lim f,(n)=¢™? =cos=+isin—=i
n

n— oo 2 2

=e

n

3. LHS. — 2cos? (d/2)+2isin (¢ /2) cos (¢ /2) "
2cos? ¢p—2i sin (¢ /2) cos (¢ / 2)

| cos(¢/2)+isin(¢p/2) 8
| cos(¢p/2)—isin(¢p/2)

. n

el(¢/2) ;
_ _(pityn
‘{ei(«t/z) ="

e = cos n¢ + i sin no

x*-2x+4=0
4. (a) .. x+1+iV3=r (cosO+isinh)
where r=2, 0=n/3
o +B" =r" [cosnO +isinn6 + cosnd — sinnd]
r".2cosnd = 2" cos (nm / 3)
5. (a) x*+y% = (x+Y) (ox +0%y) (0*x + y)

Each of the factor corresponds to three given factors.

In case a+b+c = 0 i.e, b + ¢ = — a etc. Then the
answer is (3a) (3b) (3c) = 27abc.

6. (a) a=cosa+isina

a+b+c=0
1+1+1 —al+bt4c?
a b ¢

=Y cosa—iXsina=0

be+ca+ab=0or e 1) 4l oilash) _q

7. (a) )
Cr 1
0« A
5
0
0 »X

|z—-5i|<1 represent all points lying inside and on
the circle centred at (0, 5) and of radius 1. Clearly the
point A has minimum amplitude 6 = ~# AOX = / ACO,
OA®>=25-1=24

cosO:1
5

276

= sinf = ——

x =0AcosH :2\/6%

y =0Asin6
:2\/6.&
5
SOAdS z:x+iy:2\5/€(1+2x/€i)

8. (642) Let 2 =a+bw+cw?
zZ=a+bw?+cw
lz|=|%| (1)
and 2z =a*+b* +c* —bc —ca —ab

|22 :%[(a—b)%(b—c)%(c—aﬁ]

x=|z|+|z|=2]2| by (1)
X2 =4z :4%[z(a—b)2]
x=v2[(@-b2+®B-c)?+(c-a)?] (2

Since, a, b, ¢ are integers, x will be minimum if a, b, ¢
are consecutive integers p, p+1,p+2.

x:\/i[1+1+4]:6\/§

9. (a)
© /4

P (2, -2)

Y

The given equation represents points on circle whose
centre is C (2, —-2) in 4th quadrant and radius 1 where
OC is inclined at angle of 45° to x-axis. Clearly the point
P on OC will have least absolute value, say r.

r=0P =0C-PC =4+4-1=2y2-1
.. Point P is (rcos45°, —rsin45°)

(53

= a-i
2

R
z :(Z—jz] a-i



10. (a)

11.

12.

13.

O| N

Point P has the min. amplitude 8 and the corresponding
point Q has maximum amplitude ©—6 where

cp 15 3 . 4
cosf=—=—=—sinf=—

oCcC 25 5 5
n-0-0=71-20

n—2cos ! (Ej .
5

(a) Change the two equations to Cartesian form :

argz:% = thanSO" = x—\/§y=0
X

| 2-24/3i| _ , represents a circle centred at (0, 2v3)
and radius r.

x? +(y—2\/§)2 =r?
If the two curves touch, then p = r and in case they
intersect, then p<rwhen p is perpendicular form
centre (0, 24/3) to line

0-23-43
2

<ror 3<r

r=3
Hence the least value of r is 3 for the curves to intersect.
(Touching is also intersection at two coincident points).

(a) The first equation represents points on a circle with
centre at (—v/2, 0) and radius r=va?-3a-2 (Real).

the second equation represents points within a circle
centred at (0, \/5) and radius a.

Since both hold for at least one point therefore the two
circles must intersect and as such

CiCy < +r1,y

or V2+2<+a®>-3a-2+a

or (2-a)®<a®-3a-2
or -4a+4<-3a-2 or 6<a
a>6 = (a)

(a) tan (o +1B) =x +1iy
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. tan (a—ip) = x—iy conjugate
o is constant and B is unknown to be eliminated
tan 2o = tan (otTiB + riﬁ)
tan 2(1 = w
1-(x?+y?)

1-(x%+ y?) = 2x cot 2a

x2+y2+2xcot2(x:1
x+iy—10—6iJ

14. (a) T=arg——L ~arg
: 4 z2—2 X+iy—-4-6i

2

E:argﬂ =arg (z—z)—arg (z—2,)
4 Z -2
or £=91;—92
or tan~'1 :tan’lh—tan’lﬁ
X1 Xa
or tan’llztan’lg—tan’ly;
x - x—-4
(y—6)[ LI }
or tan'1=tan™? x—10 2x—4
(y-6)
(x-10) (x-4)
6(y-6)

1

:x2—14x+40+y2—12y+36

or x?-14x+y?*-18y+112=0

or (x=7)2-49+(y-9)*-81+112=0
(x-7P+(y-9*=18

S z=7-91 =|(x=7)+i(y -9

=[(x=7)*+(y -9°1"?

=J(18) =32
15. (a) We have :
Uz [+ 2 D | 2422 < (|5 [+] 2, )
|Z1| |Zz

%

|2 |

2y

| 2, |

B

(12 [ +]% ) {"‘”1'+'Z'2'}=2(|z1|+|z2|>

l21] |2
16. (a) Let | |=7»,then
) a?=22y-zP =2 (y-2)(y-2)
2L _32G-D)
y—-2
2
b =22 (y-2)=0
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